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Class Action Items

 Happy Spring Break! Please enjoy your break and get some much needed
rest.

 |ab 8 is due after break. For those on campus, we put out a sticky mat on the
fiftth floor of Upson, check Ed for a picture of the location!

 Joday motion models, measurement models after spring break.
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Bayes Filter
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Markov Assumption

The Markov assumption postulates that past and future data are independent
if one knows the current state

* If we can model our robot as a Markov process...

» We can recursively estimate Xx,

o State generative model

o PO Xg—15 21 op—15 Uy-p) = PO | X5 1)

» Measurement generative model

’ p(zt | A0:0 L1:t—15 ulif) — p(Zf | xt) Andrey Markov (1856-1922) was a

Russian mathematician best known
for his work on stochastic processes
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Bayes Filter

* A recursive algorithm that calculates the belief distribution from
measurements and control data

1. Algorithm Bayes Filter (bel(x,_), u,, z,) :
2. for all x, do

3. bel(x,) = 2, P |u, x,_p) bel(x,_;)
4, bel(x,) = n p(z,|x,) bel(x,)
5. end for

6. return bel(x,)
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Bayes Filter

TN

Correct estimate with sensor measurement..

1. Algorithm Bayes Filter (bel(x,_), u,, z,) :

. for all x, do /Transition probability/ action model

3. b_el(xt) = th_l px|u, x,_) bel(x,_;) (Prediction step)
4. bel(x,) = n p(z,|x,) bel(x,) (Update/measurement step)
> end for \I\/Ieasurement probability/ sensor model
6. return bel(x,)




Bayes Filter

This is a lot of computation!

Algorithm Bayes Filter (bel(x,_,), u,, z,) :
for all x, do

bel(x,) = 2, px|u, x,_) bel(x,_;)

bel(x,) = 1 p(z,x,) bel(x))
end for

return bel(x,)

(Prediction step)

(Update/measurement step)




Bayes Filter

Markov Assumption Violations

Bel(X, = (0,0,0))

This is a lot of computation!

» [ypical violations include;

-
~_

 Environmental dynamics not included in X,
» Inaccuracies in the probabilist models p(x, | x,_;, &,), and p(z, | x,)
* Approximation errors when representing belief functions

* |ncomplete state representations are often preferable to reduce
computational complexity of the Bayes filter algorithm

* |n practice, Bayes filters have been found to be surprisingly robust to such
violations
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Bayes Example
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Bayes Filter — Example

* A robot can observe a door with a sensor and interact by pushing
 The door may be in one of two states open or closed

* At any time, the robot can either push or NOP

* Both sensors and actuators on the robot are noisy.
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Bayes Filter — Example

* The probabillity that the robot can sense an open door is 0.6
* [he probabillity that the robot can sense an closed door is 0.8

» After a push action, probability that a door is open if it was previously open is 1

* After a push action, probability that a

door is open if it was previously closed
s 0.8

 |f the robot does nothing, the door
continues to be in the previous state.




Bayes Filter — Example

Measurement model
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* The probability that the robot can sense an open door is 0.6

* The probabillity that the robot can sense a closed door is 0.8

» Measurement model: p(z;| x,)
» p(Z, = open|X = 1s_open)
. p(Z, = closed | X, = is_open)
« p(Z, = closed| X, = 1s_closed)
« p(Z, = open|X, =1s_closed)

L




Bayes Filter — Example

Action model
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» After a push action, probability that a door is open if it was previously open is 1

» After a push action, probabillity that a door is open if it was previously closed is 0.8

* |f the robot does nothing, the door continues to be in the previous state.

» Action model: p(x, | u,, x,_)
» p(X, =1s_open|U, = push, X,_; = 1s_open)
» p(X, =1s_closed| U, = push, X,_; = 1s_open)
e p(X,=1s_open|U, = push, X, ;| =1s_closed)
» p(X, =1s_closed| U, = push, X, | = 1s_closed)

S
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Action model
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» After a push action, probability that a door is open if it was previously open is 1

» After a push action, probabillity that a door is open if it was previously closed is 0.8

* |f the robot does nothing, the door continues to be in the previous state.

» Action model: p(x,|x,_;, u,)
- p(X,=1s_open|U,=NOP,X,_; =1s_open)
» p(X, =1s_closed|U, = NOP, X, _, = 1s_open)
« p(X, =1s_open|U, = NOP, X, ; =1s_closed)
- p(X,=1s_closed|U, = NOP, X,_, =1s_closed)

S
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Bayes Filter — Example
Problem Setup

1. Algorithm Bayes Filter (bel(x,_,), u,, z,) :
2. for all x, do

3. bel(x,) = 2, pOx|u, x,_p) bel(x,_y) (Prediction step)
4. bel(x,) = n p(z,|x,) bel(x) (Update/measurement step)
3. end for

6. return bel(x,)
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Bayes Filter — Example

Prediction Step - incorporate action
bel(X, = 1s_open) = bel(X, =1s_closed) = 0.5 U; =NOP Z, = open
bel(x;) = 2, p(x; | uy, xy) bel(xy)

M(xl) =

Let’s suppose X; = 1s_closed

bel(X; = is_closed) = p(X, = is_closed | U; = NOP, X, = is_open) bel(X, = is_open)
+p(X; =1s_closed | U; = NOP, X, = 1s_closed) bel(X, = 1s_closed)
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Bayes Filter — Example

Update Step - incorporate measurement
bel(X, = is_open) = bel(X, = is_closed) = 0.5 U; =NOP Z; = open
bel(x,) = n p(Z, = open | x;) b_el(xl)

For two possible cases, X; = 1s_open and X; = 1s_closed, we compute:
bel(X, = is_open) =  p(Z, = open | X, = is_open) bel(X; = is_open)
— 1% 0.6X05=p023
bel(X, = is_closed) = 5 p(Z, = open | X; = is_closed) bel(X; = is_closed)
= x02%05=n0.1

Normalizing constant, # = (0.3 + 0.1)~! = 2.5:

bel(X, =1s_open) =75 0.3 = 0.75 Better than initial belief at t=0!
bel(X, =1s_closed) =7 0.1 =0.25



Fast Robots 2026

Bayes Filter — Example

Time step 2
bel(X, = 1s_open) = 0.75

bel(X, = 1s_closed) = 0.25
U, = push

Prediction step:

bel(X, = is_open) = 1 X 0.75 + 0.8 X 0.25 = 0.95

. Z, = open
bel(X, =1s_closed) =0Xx0.75+ 0.2 x0.25 = 0.05

Measurement update:

bel(X, =1s_open) =1 X 0.6 X 0.95 =~ 0.983
bel(X, =1s_closed) =7 x 0.2 X 0.05 =~ 0.017

Way better than the initial belief at t=0!
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Summary of Bayes Filter

* The robot performs a series of alternating actions/ measurements

e (Given:

1. Algorithm Bayes Filter (bel(x,_,), u,, z,) :
» Sensor model: p(z, | x,) 2. for all x, do
bel(x,) = 2, pox|u, x,_y) bel(x,_y)

bel(xt) =1 p(z, | X;) w(xz)

end for

» Action model: p(x, | u, x,_)

A

» Initial conditions: p(x,)

6. return bel(x,)

« Compute;:

o State of dynamic system

» Posterior of the state (belief): bel(x,) = p(x,| uy, zy, ..., U, 2,)



Fast Robots 2026

Summary of Bayes Filter

* Prediction Step:

* |ncorporate action, which increases uncertainty

» Compute bel (xt) =P (xt ‘ Ui Z1:1‘—1) 1. Algorithm Bayes Filter (bel(x,_,), u, z,) :
. . 2. for all x, d
» Requires action model: p(x, | u,, x,_;) T A0
3. bel(x,) = %,  p(x|u, x,_,) bel(x,_,)
« Measurement/ update step: 4 bel(x) = n p(z |x) bel(x)
 Decreases uncertainty S. end for
6. return bel(x,)

» Compute bel(x,) = p(x,| uy.,, 2;.,)

» Requires sensor model: p(z, | x,)



Motion Model p(x, | x,_;, u,)
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Bayes Filter

1. Algorithm Bayes Filter (bel(x,_), u,, z,) :

3 for all x, do /Transition probability/ action model

3. bel(x,) = 2, pOx|u, x,_p) bel(x,_y) (Prediction step)
4. bel(x) = n p(z,| x,) bel(x,)

. end for

6. return bel(x,)




Robot Motion

 Mobile robots on a plane

» Robot pose x, = (x, y, 0)"

 Robot motion is inherently uncertain

» Transition model: p(x, | u,, x,_;)

» How can we model p(x, | u,, x,_;) based on
Kinematic equations?

* \elocity model

 Odometry model




Probability Distributions

Quick Detour

 (Gaussian, normal distribution, bell curve

* Defined by two parameters:
* mean U

e standard deviation o

 Can be defined for multidimensional data
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1D Gaussian Probability Density Function

1.0

= 0.2, m—
= 1.0, w— ]
=5.0, i
, 0°=0.5, ===

\

=l = = =
1 O I I B
| oo 9°

2,99
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Probability Distributions

Quick Detour
. 3inputs: f(x| u, 6%
. 2inputs: f(x — 1|0, ¢°)

 Computationally Cheaper alternative: triangular distributions

b .
1. Algorithm prob_nor mal _distribution(a, b°) : | | 1. Algorithm prob_triangular_distribution(a. b*) -
5 1 a’ _. 1 a
2. return — erp | — 2. return mazx ( 0, —
v 2mb? 2b° v6 b O b?
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Probability Distributions

Quick Detour

o Sampling algorithms output samples from a given distribution

e Often used to approximate distributions

> —
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Probability Distributions

Quick Detour
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Velocity Model
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Parameters

c U= (Vright’ Vleft)

» U= (Veorr Ocom)
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Parameters
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Parameters

Rotation y at new pose
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Velocity model

» Exact motion: x, = (x', y/, )"
o Start state: x,_; = (x, )y, 0)!

» Control data: u, = (v, a)t)T

* Under the assumption that both velocity
components are kept fixed over the time
interval

e ... and then we add y



X

Fast Robots 2026

Velocity model

 Calculate the error-free

Algorith t1 del velocityv(z,. we. x4 _1):
gorithm motion_model_velocity(z;, u:. z+_1) control between the

1 (x—2")cosf + (y—y')sinb

S (y —y')cosf — (x — 2')sin f states xt—l and xt

R -, .
vt = —=—+uly —¢)  How to add probability?
¥ Y + Y / | W, R A 2

T 5 e —a) o f(vt ‘ V, 0\/)

rt =V —a*)? + (y —y*)? A D

AO — atan2(y’ — y*, 2" — a") — atan2(y — y*, 2 — 27) ’ f(a)t ‘ w, Ga))

. A6 A D

Sy vl . f(: 17, Uy)

. Al Ideal control values

At

A — 0 —0 A

At d
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Velocity model

 Calculate the error-free
control between the

states x,_; and x,

Algorithm motion_model_velocity(z;, us. ¢ 1):

1 (x—2")cosf + (y—y')sinb
'l 2 (y—1vy')cosf — (z —a’)sinf
R | ., .
= My — )  How to add probability?
e_oyty )
Y = 5 = T ) o f( Vt ‘ V, Gv)

r* = /- — %) + (y — y*)? .
S Ay~ 910, o)

Af — atan2(y’ — y*, 2" — 2™) — atan2(y — y*.x — 27)

N A6 S A\ 2
b= » flo,|w, o))

. Al

T A f
A 0 —0 A

T At -

return prob(v — U, a4 |v| + as|w|) - prob(w — w, az|v| + ay|w|)
- prob(7. Cl’a\’l»’\ T O()|WD

100




* The velocity motion model for different noise parameter settings for the same control
projected in the x-y space
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Velocity motion model with a map

? © — )
-

-
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Sampling from velocity model

1: Algorithm sample_motion_model_velocity(u;. z;_1):
o = v + sample(a [v| + as|w])
w = w + sample(asg|v| + O4|w\)
’/*: - sample(a;; V| + Q'G‘w‘)

¥ =x— =sinf + = sin(0 + wAt)
y =y + = cost — = cos(0 + wAt)
0" =0 +wAt + YAt

return x; = (o', y',0")!
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Sampling from velocity model
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Parameters

s U= (Vn'ght» Vleﬁ)

* U= (Veorr Ocom)

« How would you use
this in your system?

* Pros
* Prediction/planning

 Cons
* Parameter tuning
* |naccurate
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Odometry Model u, = (X7, %,)”
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Odometry Model Parameters
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Odometry Model Parameters

* Relative odometry motion is transformed
iINto a sequence of three steps

. . O

» Initial rotation o, \th

» Translation o, ... d
5mns —) —1 Ay

- Final Rotation 0, | (X, y,0)

 These three parameters are sufficient to S
reconstruct the relative motion between | rot1

two robot states

_ T
* U = (5r0t1’ étmns’ 5r0t2)
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Odometry Model Parameters

5. . =atan2(j' — y,% — X) — 0 Q 7<\

5tmns — \/(y, o )_})2 T ()_C, _ )_6)2

5r0t2 — é, o 6_) o 5r0t1 @Lémtl
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Odometry Model Algorithm

1. Algorithm motion_model_odometry|r:. u, ri—1) :

2. o1 = atan2(y’' —y. 2’ — ) — 0

- C
'

i (7 =\2 o (7 )2
Otrans = \ ' =)+ !‘f — Y-

"l. l:S.yL'“‘Z — H.‘ - H - lS’L]“l

Orot1 = atan2(y’ —y, ' —x) — 0

-

) - "," ;4 K ) ; ' y
0. Otrans = \ L — )" T “/ o .’-/.J-

.

= /
. ‘5101‘2_9 _9_5101‘1

S. P1 = prOb(drofl 57 otl ﬂl(S "ot + azdhans)

. . | S <2 <2 <2
9. p2 = prob(dtans — Otrans, 304 4ns + 40 11 + Q407 o)

10. p3 = prob(d,,» — O,UQ alémfz 90>, )

11. return p;.ps.ps3

Calculate the relative motion parameters
from odometry readings
(what the robot did)

Calculate the relative motion parameters
for the given states x;.; and x;

(what the robot did ideally)
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Odometry Sampling Model Algorithm

1. Algorithm sample_motion_model_odometry(z; i, u;) :

2. O = atan2(y’' —y. 2’ —T) — 06

Calculate the relative motion parameters

O.r'rrms — \ ( ' — T ) : T ( y_ =y )2 _
from odometry readings

o

4. O.JU{'Q — 6, T H T O.I(Ifl

- - p . -, \
Orott = Opor1 — sample(ad” . + ayd )

trans

Ut

=

Dtrans = Orot1 — sample(agd? + ayd2, + g2 ,,) Add noise to calculated
motion parameters

2 »}
trans

- - ¢ -2 -
(. Otz = 0oy — sSample(aq 07, + g0

A

p . . .,
T = I+ Oppans COSIT + 03011 )

9. ¥y =y+ f../);u'mn s+ f.i.ru* )
o N Calculate the sample state

1“ H, — fj + "-S.)'U.‘l + SJ'U:".".'

¢! I anT
11. return a;, =(x .,y .0)
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Sampling from Odometry Model

(a)
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Odometry model

* U= ()_Ct—la)_ct)T
 How would you use this model in your system?
 Odometry is available after the robot has moved
 Can be used for estimation algorithms (e.g., localization and mapping)

 Cannot be used for prediction (e.g., probabilistic motion planning)
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Repeated sampling from our odometry motion model

Start location

10 meters
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