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Class Action Items

 |Lab 3 is due Feb 24-25, if you need to use a slip week, please send us a
private message on Ed.

 |Lab 4 starts next week, if you want to get a head start during open hours, we
will discuss the lab in class today and the website is already posted.

* Lab 4 has another soldering component, so think about how you want to
connect things ahead of time!

* At the end of Lab 4, you will have a fully-integrated RC car.
 (Good example from last year: https://boltstrike.github.io/pages/lab4.html
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Lab 4 Open loop control

https://boltstrike.github.io/pages/lab4.html
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Brushed DC motor controllers

Parallel-coupled motor controller

motor power

Fast decay: “coasting”

]— M } Slow decay: “braking”

Table 2. PWM Control of Motor Speed
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xIN1 xIN2 FUNCTION

PWM 0 Forward PWM, fast decay
1 PWM Forward PWM, slow decay
0 PWM Reverse PWM, fast decay

PWM 1 Reverse PWM, slow decay

https://www.pololu.com/product-info-merged/2130
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Linear Systems

* Linear systems review

* Eigenvectors and eigenvalues
e Stability ()=

* Discrete time systems

* Linearizing nonlinear systems
¢ COntrO”ablllty Disturbance dF . .
1l Mass m ‘/Q‘.

» QObservability Mass m, - 981 e

Mass m

CCCCC

Damping K|,

Input F
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Linear Systems

e Linear systems review x = Ax+Bu

* Eigenvectors and eigenvalues
o Stability

. . These should look familiar from:;
* Discrete time systems

« MATH2940 Linear Algebra
ECE3250 Signals and Systems

* Linearizing nonlinear systems

* Controllability

ECES5210 Theory of Linear Systems
MAE3260 System Dynamics

* Observability

Based on “Control Bootcamp”, Steve Brunton, UW and many others...
https://www.youtube.com/watch?v=Pi7/I8mM|YVE



https://www.youtube.com/watch?v=Pi7l8mMjYVE
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Linear Systems

e Linear systems review x = Ax+Bu
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* Eigenvectors and eigenvalues
o Stability

* Discrete time systems

* Linearizing nonlinear systems

* Controllability

e Observability

e 2nd order system:;
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Linear Systems

* Linear systems review

* Eigenvectors and eigenvalues

o Stability

* Discrete time systems

* Linearizing nonlinear systems

* Controllability X = cos(0)v
. Observability y=sin@)y =y

0= w
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Linear Systems

e Linear systems review x = Ax+Bu
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* Eigenvectors and eigenvalues
o Stability

* Discrete time systems

* Linearizing nonlinear systems

* Controllability

e Observability

e 2nd order system:;
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Linear Systems

* Linear system X =Ax xeR" AeR™"
 Basic solution x(?) @» (0)
Do kit o n(]x]) = ke +
— — > — = <~ —
Aside: dar  «x HUA ¢
| x| =" + e o x = =x ce
X% X
» Taylor series expansion e¢* =14 x + Y] + ? + .
=]+ At+——+——+

ol 3
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Linear Systems

 Linear system X =Ax

» Basic solution x(1) @» (0)

 Map the system to eigenvector coordinates to make computation easier
* Apply a linear transform: z = Ix X = T_IZ
o Substitute into the original equation: T2 =AT 7 & = TAT_lz

» Pick the matrix, T, such that TAT ! becomes simpler than A
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Eigenvectors and Eigenvalues

 Eigenvectors, &, of A AE = AE
« Matrix of eigenvectors, 1’
|2 3
« Diagonal matrix of eigenvalues, D . H 7
Ay
B ) 2 3
D= [2 1
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z-coordinates

A1

= Ax = | x =17
xn X = TZ — Ax

x(f) = ex(0)

A%t AP fe=Als
=]+ At+ —+ ——
+ + + + . : T_lATZ

oA 3
AT=TD < T 'AT=D / ,

MATLAB has a handy function: [T, D] = eig(A);

By mapping our system to eigenvector coordinates,
the dynamics become diagonal (very simple!)



Z-coordinates

<] Ay 31
XxX=Ax=1% d %) B /12 2y
x(1) = e'x(0) dt

Z’”l /ln Zn
T-'AT = D
s = Dz () = eMiz;(0) ...  z,(t) = eM'z (0)

ot
Dt e/lzt
Z(t) =€ Z(O) = 20
ol

Much simpler to think about the system in eigen coordinates!
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Let’s get back to x-coordinates

x=Ax=T? x(1) = e'x(0) o s
At A°t
X(f)=€AtX(O) €At=I+At+T+T+...
L _ ! !
T AT =D oAt — ,TDT L
z=Dz 2
e =1+ TDT 't + (TDT~'TDT™) STt
A" = TD"T! i |

(TD*T~)
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Let’s get back to x-coordinates

x(1) = ex(0)

2
v A%t AP
eM=T+At+—+——+...
2! 3!
oAt — JIDT 't
t2
e =1+ TDT 't + (TDT~'TDT™) STt
A" = TD"T~! |
N Dt D" |
e’ =1 |1+ Dt + + ... + ' T
n.

/

Easy to compute!
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Let’s get back to x-coordinates

XxX=Ax =17

_ At
x(2) = e x(0) System solution in physical coordinates
AD =TD

x(f) = TeP'T~'x(0)
x =17
z(0)
eAt — TeDtT—l
z(1)

x(?)
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Eigenvalues and Stability



x(1) = Te”'T~'x(0) 3 o
Python: eigenvalues, eigenvectors = np.linalg.eig(A)
X . If even one of the e* goes to 00, all go to o©

» Complex eigenvalues: A = a + ib

N . Euler’s formula: e* = e“(cos(bt) + i sin(bt))

[



X = Ax D = /12 Dt €
x() = TeP' T~ 1x(0) o

Python: eigenvalues, eigenvectors = np.linalg.eig(A)

X 0 . If even one of the e* goes to 00, all go to oo
« Complex eigenvalues: A = a * ib
ol ) =1
NN a<0 . Euler’s formula: e* = e%(cos(bt) + isin(bt))

\'_-—

System is stable iff real parts of all eigenvalues are <0!



X =Ax D = /12 Dt €
x(f) = TeP'T~1x(0) | Ji

A=a+1b lelC  Am
Stable

e a>0
2 H
X=].
v,

System is stable iff real parts of all eigenvalues are <0!
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Discrete Time Systems



Fast Robots 2026

Stability (discrete time)

X =Ax Xy = Axk, where x;, = x(kAt)
A How does A relateto A? A = ¢AA!
D = Ay X| = %xo ) % =T .,D?_j ,~f
Xy =Ax; = Azxo A? = TD*T! 22
/171 Xy = A3XO 143 — TD3T_1 /’1‘3

X, = Anxo An — TD”T_l /"tn

X

Unstable
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Stability (discrete time)

X =Ax X, = Ax,, where x, = x(kAt)
A How does A relate to A? A = 44!
D= & x, = A'x; A" =TD'T™! A"
& A = Re"
Jn — Rn1pint m
R

X

Unstable



Fast Robots 2026

Stability (discrete time)

X = Ax Xyl = Axk, where x;, = x(kAt)
A How does A relate to A? A = ¢AA!
D= & - x, = AXg A" =TD'T! A
/171 /T — Reié’

AN = Rneiné Im

Unstable
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Stability (discrete time)

X = Ax Xyl = Axk, where x;, = x(kAt)
A How does A relate to A? A = ¢AA!
D= & - x, = AXg A" =TD'T! A
/171 /T — Rei@

AN = Rneiné Im

Unstable
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Stability (discrete time)

X =Ax =
, Xpp1 = AX
1 , A — eAAt
D = 2 T _ pngyind ° We often work in discrete time
yl « Stability and quality of controllers

depend on sampling rate

Im

Unstable



Stability (discrete time)

X =Ax

Response

Time

Unstable

(Positive real part, R>1)

Xy = AXy

Fast Robots 2026




Stability (discrete time)

X =Ax

Response

Critically stable
(Zero real part, R = 1)

Time

Xy = AXy

Fast Robots 2026
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Stability (discrete time)

).C:A.X Xk_l_l =Axk

Stable
(Negative real part, R<1)
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Basic steps to linearize nonlinear systems

Xx=f(x) — x=Ax

* Find some fixed points Example:
* X Stf()?f) = () )°C1 :]CI(XI,Xz) = X1X9
e Linearize about them Xy = hHhX,x) = x12 T xzz
Df 5‘ﬁ 1 . ) 5]C1 5]C1
Dr |- = [5)9] Jacobian Zf - o
Dx oh o
5X1 5X2

2% 2x,

S A
R Dx

] Evaluate at x




Fast Robots 2026

Basic steps to linearize nonlinear systems

X =f(x) — x=Ax

* Find some fixed points
« Tstf(x)=0

////'/;Z'
| < Ve r’ ;/;//;;;;//;;///

e Linearize about them ,,//;//;;/

or| _ |2
* Dx

. Vector field of
12 the dynamics

— —1

=

5Xj

1/2

3
X = (%) - - (x — X) 1 (x—)'c)2+Df (x—X%X)°+ ...
D3x |.

X X
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Basic steps to linearize nonlinear systems

X =f(x) — x=Ax

* Find some fixed points
« Tstf(x)=0

e Linearize about them

Df of
* Dxl|. 5xj

X

. Vector field of
the dynamics

1/2

e |f you zoom in on X, your system

. . 0
will look linear! ¥ = | Il))f (x — X)
» Good control will keep you near T
the fixed point, where the model . _ Df (Ax) —
Is valid! Dx |.
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Review

* Linear system: X = Ax . Discrete time: x(k + 1) = Ax(k), where A = ¢4
* Solution: x(1) = e*'x(0) . Stability in discrete time: A* = R"™?, stable iff R < 1
+ Bigenvectors: 1= [51 SEE 5”]  Nonlinear systems: X = f(x)

4 D

J , Linearization: —
Eigenvalues: D = 2 Dx |5

. N
 Linear Transform: AT = TD
. Solution: e’ = ¢TPT

» Mapping from x to z to x: x(t) = Te?'T~'x(0)

e Stability in continuous time: 4 = a + ib, stable iff a < O



