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e Bayesian inference = guessing in the style of Bayes

/kelithood

P (x) * y=Sensor data
p— * x =Robot state/

P (y) location

posterior




Example

* p(x|ly) =p|x)

e y=x+N(0,1.4)

* p(x =10|y =10) = p(y = 10|x = 10)
— 0.285

* p(x =8|y =10) = p(y = 10|x = 8)
= 0.103
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* p(xly) =p(ylx)

+ y=1x+4N(0,1.4) o
* p(x =10|y =10) = p(y = 10|x = 10)
= (0.285

* p(x =8|y =10) = p(y = 10|x = 8)

= 0.103
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Example

* p(xly) =p(ylx)

y =x + N(0,1.4)

p(x = 10|y = 10) = 0.285
p(x = 8|y = 10) = 0.103

p(x|y) = N(y, 1.4)
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Example

* p(xly) = p(ylx)
c y=x+N(0,14)

 p(x =10]y =10) = 0.285
 p(x =8|y =10) =0.103
* p(xly) = N(0,1.4)

* Prior—p(x) = N(2,2)

p(xly) = p(ylx)p(x)
p(x = 10|y = 10) = 0.285x0.121

= .034
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Example
p(xly) =py[x)
y=x+N(0,1.4)

 p(x =10]|y ’= .10) = (0.285
 p(x =8ly=10) =0.103
* p(x|ly) =N(0,1.4)

* Prior—p(x) = N(2,2)
* plxly) = p(ylx)p(x)
p(x = 10|y = 10) = 0.285x0.121
=.034
« p(x =8ly=10) =0.103x0.121
=.012
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Example

* p(xly) = p(ylx)
c y=x+N(0,14)

+ p(x = 10|y = 10) = 0.285 ’
+ p(x =8|y = 10) = 0.103 )
* p(x|y) = N(0,1.4) | T %
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=.034

p(x =8|y =10) = 0.103x0.121
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Example

* pxly) =py|x)

« y=x+N(0,14)

* p(x = 10|y = 10) = 0.285

« p(x =8|y =10) = 0.103

* p(x|y) = N(0,1.4)

* Prior—-p(x) = N(2,2)

* plxly) =pylx)p(x)

« p(x = 10|y = 10) = 0.285x0.121

= .034

e p(x =8|y =10) = 0.103%0.121

=.012
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Based on “Control Bootcamp”, Steve Brunton, UW
Linear Systems

* Linear systems review

* Eigenvectors and eigenvalues
e Stability

* Discrete time systems

* Linearizing non-linear systems

* Controllability x = Ax +Bu
* LQR
e Observability
Q This should look familiar from..
« MATH 2940 Linear Algebra
G  ECE3250 Signals and systems
X= [9] * ECE5210 Theory of linear systems
‘ * MAE3260 System Dynamics
* etc...
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https://www.youtube.com/watch?v=Pi7l8mMjYVE

Linear Systems Control — “review of review”

* Linear system: ¥ = Ax * Linearizing non-linear
e Solution: x(t) = e4tx(0) systems
* Eigenvectors: T=1[& & ... & * Fixed points
" A4 0  Jacobian
* Eigenvalues: D= A2 Cf)nirzllabl_ll’;yl{)x
-0 An - * Reachability
* Linear transform: AT =TD « Controllability Gramian
* Solution: et = TePtT—1 * Pole placement
* Mapping from x to z to x: x(t) = TeP'T~1x(0)
e Stability in continuous time: 1 = a + ib, stable iff a<0 * Optimal control (LQR)

* Discrete time: x(k +1) = Ax(k), A = e4At
e Stability in discrete time: 1™ = R™ e stable iff R<1

~/ Fast Robots 11



Linear Quadratic Control

e >> K = place(A,B,eigs)
* Where are the best eigs??

* Linear Quadratic Regulator (LQR)
e >>K=Igr(A,B,Q,R)
* Riccati equation
. fooo(xTQx + u'Ru)dt
| 0

1
* () = ,R = 0.01
¢ 10

0 100.

x = Ax + Bu, xeR"

u
X

—Kx
(A — BK)x
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Based on “Control Bootcamp”, Steve Brunton, UW
Linear Systems

* Linear systems review

* Eigenvectors and eigenvalues
e Stability

* Discrete time systems

* Linearizing non-linear systems

* Controllability x = Ax+Bu
* LQR
e Observability e
LQ This should look familiar from..
« MATH 2940 Linear Algebra
G  ECE3250 Signals and systems
X= [9] * ECE5210 Theory of linear systems
‘ * MAE3260 System Dynamics
* etc...
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https://www.youtube.com/watch?v=Pi7l8mMjYVE
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Observability
* Controllability

 (Can we steer the system anywhere given

some control input u?

* Observability

 (Can we estimate any state x, from a time

series of measurements y(t)?

U

x = Ax + Bu, xeR"

—Kx

2T~
Il

(A — BK)x

system

) x =Ax + Bu
y = C(Cx

S
=
=D

KF

TT

15



Observability x = Ax + Bu +q XeR"

C 1 & & | y=Cxin uek’
CA yeRP
. A 2
o=| CA * Controllability
can1 2 e
1. Observable iff rank(o) = n B AB A*B .. A"'B]
e >>rank (obsv(A,C)) ] >>ctrb(A.,I:°>)
2. Iff a system Is observable, we * Reachability |

can estimate x fromy .
N . disturbance
* Observability Gramian L >{ system >

e >>[U,2 V]=svd (o) i .
LQR | KF noise

© o)
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Prof. Kirstin Hagelskjzer Petersen

Kalman Filter

> system

y

Setpoint
%r PID

LQR

kirstin@cornell.edu

disturbance

> Setpoint T

system

é

K

noise
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Probabilistic Robotics Accelorometer

n . X-axis
' Sources of uncertalnty

Measurements are uncertain
Actions are uncertain
Models are uncertain

* States are uncertain

e Gaussian distributions
* [utd]
* Symmetric
 Unimodal
 Sum to “unity”

Accelerometer
X-axis

Fast Robots 18




Observability x = Ax + Bu +q XeR"

C 1 & & | y=Cxin uek’
CA yeRP
. A 2
o=| CA * Controllability
can1 2 e
1. Observable iff rank(o) = n B AB A*B .. A"'B]
e >>rank (obsv(A,C)) ] >>ctrb(A.,I:°>)
2. Iff a system Is observable, we * Reachability |

can estimate x fromy .
N . disturbance
* Observability Gramian L >{ system >

e >>[U,2 V]=svd (o) i .
LQR | KF noise

© o)
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Kalman Filter

Incorporate uncertainty to get better estimates based on both inputs and observations
* Assume that posterior and prior belief are Gaussian variables

Fast Robots 20




State estimate: u(t)

Kalman Filter _
State uncertainty: X(t)

* Assume that posterior and prior belief are Gaussian variables Process noise: 2,
* Prediction step

e x(t) =A x(t-1) + Bu(t) + n, where...
disturbance
° ,up(t) = A pu(t-1) + B u(t) > system v >

« X, (t) =AX(t-1) Al + % L

* Update step LQOR le— KF :—




Kalman Filter State estlmatc.e: u(t)
State uncertainty: X(t)

* Assume that posterior and prior belief are Gaussian variables Process noise: 2,
° Pred|ct|on Step Kalman f||ter gain: KKF
* x(t) =A x(t-1) + Bu(t) + n, where... Meas“reme”dt ”0'5;: >
isturbance
° ,up(t) = A pu(t-1) + B u(t) > system v >
¢+ 3 (1) = AZ(t-1) AT+ 3, L
* Update step LQR —{ KF [&_|, Norse

* K = Z,(t) CT(C Z,(t) CT+ 5,)1

()= 1y(0)+ Kee (208) - C 1yft))
* X(t)=(1-Kg C) (1)




State estimate: u(t)
State uncertainty: X(t)

Function ( u(t-1), X(t-1), u(t), z(t) ) Process noise: %,
y(t) = A pu(t-1) + B u(t) Kalman filter gain: Ky

Kalman Filter

1 prediction Measurement noise: X,
2. X (t)=AZ(t-1) AT+ X, | disturbance
3. Kg=2,(t) CT(CZ(t) CT+2,)? | system >

4. u(O)= 10+ K (2(0-Ca(t) - update 1 | o
5. X(t)=(1-Kg C) Z,(t) <

6. Return u(t) and X(t)




State estimate: u(t)
State uncertainty: X(t)

Kalman Filter

Kalman Filter ( u(t-1), 2(t-1), u(t), z(t) ) Process noise: 2,

_ ] Kalman filter gain: Ky,
1 pp(t) =Alu(t-1)+Blu(t) ediction Measurement noise: X,
2. T (t) = AZ(t-1) AT+ 32, P | disturbance
3. K =E,(t)C (CZ,(t) CT+ X)) > system >
4. u(t)= p(t) +@( 2(t))- C up(t)) update OR T | noise
5. 2(t)=( - Kir C) Z,(t) <
6. Return u(t) and X(t)

Example process and measurement noise covariance matrices:

2
X =[ ],Z =0
v 0 0'22 ‘ 3




Kalman Filter

Kalman Filter ( u(t-1), 2(t-1), u(t), z(t) )
Ho(t) = A p(t-1) + B u(t)
Zo(t)=AZ(t-1) AT+ X,

Kig = 2,(t) CT(C X (t) CT+ X))+
H(t)= () + Ky (2(t) - C pyft) )
2(t) =( 1 - Kge C) Z,(t)

Return u(t) and X(t)

o s N E

prediction

update

State estimate: u(t)
State uncertainty: X(t)
Process noise: 2,
Kalman filter gain: Ky,
Measurement noise: 2,
| disturbance

> system >

k

Example process and measurement noise covariance matrices:

2
X =[ ],Z =0
v 0 0'22 ‘ 3

LQR e KF :— noise




Lab 7: Kalman Filter

F =ma=mx

F=u—dx
u—dx =mx
u d
X =———Xx
m m

%
\
\
\
\
\
\
\
\
N

State space equation

3o _gfi+[z

u

C=[-1 0]




Lab 7: Kalman Filter

F =ma=mx

F=u-—dx
u—dx = mx
u d
X =———X
m m

%
\
\
\
\
\
\
\
\
N

* O_F_n_lxss
e O=Yss_2L, L g=ls State space equation
m m~ > Xss
4 0 1 x 0
— d 1
M [0 B MR R
m m

C=[-1 0]




Lab 7: Kalman Filter

F =ma=mx

F=u—dx
uU—dx = mx
u d
X =———Xx
m m
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Lab 7: Kalman Filter

F =ma=mx

F=u-—dx
u—dx = mx
.oou a,
X =———X

m m

%
\
\
\
\
\
\
\
\
N

P 0= TR
e O=Yss_ 2L, o g=Ys State space equation
m m X
4 0 1 x 0
— d 1
M [0 B MR R
m m

C=[-1 0]




Lab 7: Kalman Filter

F = ma =mx
F=u—dx

u—dx = mx
R
X=———x

m m

e Use therise time to determine m

%
§
\
\
\
\
\
\
\
N

b(t) + > v(t) = —u(t)

. u(t) = %(1 _ e—n%t) o 1—du(t) = e—%to_g State space equation
+ In(1—dv(t)) = -t PR 1d y (1)
m=——o L‘é‘zo _afG ]+
In(1—-dv(t)) m m

C=[-1 0]




Lab 7: Kalman Filter

F =ma=mx

F=u—dx

u—dx =mx
u d

X =———Xx
m m

e Use therise time to determine m

¢ 9(6) + () = —-u(t)

. _—dt
m= In(1-dv(t))
+ m=——20 = 41258107
In(0.1)
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Lab 7: Kalman Filter

F =ma=mx

F=u-—dx
u—dx = mx
u d
X =———X
m m

%
\
\
\
\
\
\
\
\
N

e At steady state (cst speed), we can find d
+ d === 0.0005

X

* We can use the rise time to find m State space equation
.« m =202 541258104
In(0.1) . 0 1 0
Xl = dl[*]+]1
[5(']_[0 A+ ||
m m

C=[-1 0]




Lab 7: Kalman Filter
* WehaveA,B,C X, 2,
* Discretize the A and B matrices

e x(n+1) =x(n) + dx

o dx/dt = Ax+Bu < dx =dt (Ax + Bu)

e x(n+1) = x(n) + dt (Ax(n) + Bu) 7 = [x]
e x(n+1) =(l + dt*A) x(n) + dt*B u

N
\
\
\
\
\
\
\
\
N

e dtis our sampling time (0.130s) State space equation

4] 2|+

C=[-1 0]

e Rescale from unity input to actual input 0
|

m

u




Lab 7: Kalman Filter

Implement the Kalman Filter

Kalman Filter ( u(t-1), 2(t-1), u(t), z(t) )
Ho(t) = A p(t-1) + B u(t)
2, (1) =AZ(t-1) AT+ X,

def kf(mu,sigma,u,y):

mu p = A.dot(mu) + B.dot(u)

1

2

RN O (NN UODIN(JNCLUE DM <icic o - A.dot(signa.dot(A.transpose())) + Sigma
4. p(t)= py(t)+ Kie (z(t) - Cpy(t)) sigma_m = C.dot(sigma_p.dot(C.transpose())) + Sigma_z
5
6

kkf gain = sigma _p.dot(C.transpose().dot(np.linalg.inv(sigma m)))

2(t) =( 1 - Kge C) Z,(t)
y m = y-C.dot(mu_p)
Return u(t) and X(t) mu = mu_p + kkf_gain.dot (y_m)

sigma=(np.eye(2)-kkf gain.dot(C)).dot(sigma_p)

return mu,sigma




Lab 7: Kalman Filter

Implement the Kalman Filter
 Measurement noise
* X, = [0-32]
« 0% = (20mm)?
* Process noise (dependent on sampling rate)
g’ 0
~ 1o 022]

N
\
\
\
\
\
\
\
\
N

2y

* Trustin modeled position:

POS, 440, after 1s: \/102 - 1= 27.7mm

0.13

* Trustin modeled speed:

013

* Speed, 4o, after 1s: \/102- L =27.7mm/s




Lab 7: Kalman Filter

Implement the Kalman Filter

Kalman Filter ( u(t-1), 2(t-1), u(t), z(t) )
Ho(t) = A p(t-1) + B u(t)
2, (1) =AZ(t-1) AT+ X,

def kf(mu,sigma,u,y):

mu p = A.dot(mu) + B.dot(u)

1

2

RN O (NN UODIN(JNCLUE DM <icic o - A.dot(signa.dot(A.transpose())) + Sigma
4. p(t)= py(t)+ Kie (z(t) - Cpy(t)) sigma_m = C.dot(sigma_p.dot(C.transpose())) + Sigma_z
5
6

kkf gain = sigma _p.dot(C.transpose().dot(np.linalg.inv(sigma m)))

2(t) =( 1 - Kge C) Z,(t)
y m = y-C.dot(mu_p)
Return u(t) and X(t) mu = mu_p + kkf_gain.dot (y_m)

sigma=(np.eye(2)-kkf gain.dot(C)).dot(sigma_p)

return mu,sigma




Lab 7: Kalman Filter

Pl control
Deadband = 35
Setpoint = 300

Task A/B
Kalman Filter

Original data

Distance [mm]

Position wrt wall

PWM input




