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Linear Systems

* Linear systems review

* Eigenvectors and eigenvalues
e Stability

* Discrete time systems

* Linearizing non-linear systems
* Controllability

* Observability

Based on “Control Bootcamp”, Steve Brunton, UW

x = Ax+Bu

This should look familiar from..

« MATH 2940 Linear Algebra
 ECE3250 Signals and systems
 ECE5210 Theory of linear systems
* MAE3260 System Dynamics

e etc...



https://www.youtube.com/watch?v=Pi7l8mMjYVE
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Linear Systems

* Linear systems review

* Eigenvectors and eigenvalues
e Stability

* Discrete time systems

* Linearizing non-linear systems
* Controllability

* Observability
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Linear Systems

Linear system x = Ax x € R*" A4e RWXn

Basic solution x(t) = e4tx(0)

(dX/dt = kx o 9%/, = kdt o In(|x|) = kt + c)
x| = e®t + e€ & x = +ce

Taylor series expansion




Intuition for eigenvectors (and stability)...

vector .
[\ [\ matrix

Linear system x = Ax
Basic solution x(t) = e4tx(0)

Map the system to eigenvector coordinates to make computation easier
* Apply alineartransform:z=Tx ©x=T"1z
* Substitute into the original equation: T~ 1z = AT 'z oz =TAT 1z

* Pick the matrix, T, such that TAT ~! becomes simpler than A
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. . matrix
Eigenvectors and Eigenvalues [\

* Eigenvectors, &, of A
 Matrix of eigenvectors, T

e eigenvector
AS = AS

— scalar number (eigenvalue,
characteristic root)

T=1[51 ¢ $nl
* Diagonal matrix of eigenvalues, D
A ) 0] P A= ; i
ol 6 =[]
L0 Ay
2 SBHER)=
AT = TD t A=A

>

Ay
e

10



z-coordinates versus x-coordinates in the eigenvector

"X T ¢ directions
X = Ax X = X =1z
_xn— ° °
x(t) = e4tx(0) x =Tz = Ax
A%t?  A3t3 Tz = ATz
=T+ At + TR TR
' ' z =T 1ATzZ
AT =TD o T AT =D
Matlab > [T, D] = eig(A); z =Dz

— By mapping our system to eigenvector coordinates, the

dynamics become diagonal (very simple!)
> _." Fast Robots 11




z-coordinates versus x-coordinates

. . (Z4 Ay 01121
X = Ax — N/ d Zo /’12 Zo
x(£) = ex(0) —|7|= .
T_lAT =D _Zn _O /Ll’l ] _Zn_
z =Dz ]
z.(t) = eMlz, (0) ..  z,(t) = etnlz (0)
[ et 0
Dt elzt
z(t) = e"'z(0) = z(0)
P .

=2 ...it is much simpler to think about your system in eigenvector coordinates!

N %/ Fast Robots 12



z-coordinates versus x-coordinates

x(t) = etx(0)

x=Ax =Tz
x(t) = e4tx(0)
T AT =D
z =Dz

A" =TD"T~1

e

At

At

At

A%t? A3t3
I + At A > | 3 o

—1
eTDT t

2
TT-1+TDT 't + (TDT~1TDT™ 1) %+

13



z-coordinates versu

x=Ax =Tz
x(t) = e4tx(0)
T AT =D
z =Dz

A" =TD"T~1

s X-coordinates

x(t) = etx(0)

easy to compute!

A%t? A3e3
et =1+ At+ ——A TR
pAt — oTDT ™'t
eAt = TT=14TDT~1t + (TDT-TDT) ’;—2'+
' D?t? D™M™ .
_I+Dtl TR _T :T(;‘DtT‘l

14



z-coordinates versus x-coordinates

x = Ax

x(t) = e4'x(0)

AD =TD X(t) — TeDtT"lx(O)
x=Tz AQ)

eAt — TeDtT—l

2(t)
()

15
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Stability (Continuous Time)

J'C :Ax _/11 0] 'exllt 0
x(t) =TeP T 1x(0) p=| * gDt — ezt
> |T,D] = la.eig(A); 0 A, 0 e/nt|
A X * If even one of the ent goes to «w all go to ©
 Complex eigenvalues
e Al=a+ib

 Euler’s formula
e e M = e%%[cos(bt) + isin(bt)]

v

: %/ Fast Robots 17



Stability (Continuous Time)

J'C :Ax _/11 0] 'exllt 0
x(t) =TeP T 1x(0) p=| * gDt — ezt
> |T,D] = la.eig(A); 0 A, 0 e/nt|
A X a>0 * If even one of the et goes to o all go to o
 Complex eigenvalues
e Al=a-tib =1

e Euler’s formula{ A
e e M = eat[cos(bt) + isin(bt)\]

* The system is stable iff all the real parts of all the
eigenvalues are negative!

18



X = Ay
(t) TeP'T~1x(0) p-=
» |T,D] = la.eig(A);

Il .
o x=l§l / ///




Stability (Continuous Time)

 COVID-19, very simplified example
 What is our state vector, x?
e x = [#infected people]
* System
e x = Ax
* How many eigenvectors does the system have?
e 1
* |s the system unstable?
 The eigenvalue of A has a positive real part
 What are our control inputs?
* Wearing masks

* Social distancing Without :
) Protective Healthcare system capacity
* Vaccines B Veasures OB _

Time since first case
Adapted from CDC / The Economist
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Stability (Discrete Time)

X = Ax
1 0-
D = &
.
AeC
/

/// Re

LT
$eB]? Stable Unstable

- n
o i
Sors Fast Robots

+ x(k+1) =Ax(k) ,x(k) = x(kAt)

J — oAAt
* Xq1 = AZ[XO A — TET_l Z
e x, = Ax; = A%*x, A*=TD?T1 }2
.« x3 = A3x, A3 =TD3T1 }3
.« x, = AMx, A" =TD"T~1  jn



Stability (Discrete Time)

X = Ax
1 0-
D = &
An
AeC
/

/// Re

LT
55 Stable Unstable

- n
o i
Sors Fast Robots

+ x(k+1) =Ax(k) ,x(k) = x(kAt)

I = pAAt
* Xq = AZ[XO A — TET_l %
o+ xy = Axy= A%xy A2 =TD?T™' A
« x5 = A3x, A3 =TD3T- 1t A3
e x, = A"x, A" =TD"T—t v
e 1 =Re' Alm
o /”111 — Rneine
6 Re
=

23



Stability (Discrete Time) o+ x(k+1) =Ax(k) ,x(k) = x(kAt)

A ETR- S i S I Y
S - w N

x = Ax A = pAAt
& 0 e x; = Ax, A=TDT™!
p=| /2 . x, = Axy= d2x, A2 =TDPT
F . x3 = Bx, ,21'3 _ FP3F-1
1eC Alm e x, =A"x, A" =TD"T1
_ //// ) /1_\13 e ;/////JZ%%;% ! .
Stable Unstable v R %///% 4




Stability (Discrete Time)

‘Al O ] A" _ m
D = 42 i
A" =R" We of k in discrete time
L0 /1 . Stability and quality of controllers
on sampling rate
Im

//////

\_e/,




Stability (Discrete Time)

X = Ax

Unstable
(Positive real part)

x(k + 1) = Ax(k)

26



Stability (Discrete Time)

X = Ax

Critically stable
(Zero real part)

x(k + 1) = Ax(k)

27



Stability (Discrete Time)

X = Ax

Stable
(Negative real part)

x(k + 1) = Ax(k)

28
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Linearizing Non-Linear Systems

Basic Steps to linearize a nonlinear system X = f(x) = x = Ax

1. Find some fixed points

- Exampl
X st f(@) =0 rampie

* (basically points where the system Xy = f1(x1,%2) = %1%,

doesn’t move . _ 2 2
R _) Xy = fo(xq1,%3) = x1° + Xy
2. Linearize about x

[ ] D_f|_= %
Dx ' 6xj

0 0
bf f1/ax1 f1/ax2

Dx |Of af
2/6x1 2/6x2_

Df_ X9 X1
Dx  12x4 2x2]




Linearizing Non-Linear Systems

Basic Steps to linearize a nonlinear system X = f(x) = x = Ax

1. Find some fixed points

- Exampl
X st f(@) =0 rampie

* (basically points where the system Xy = f1(x1,%2) = %1%,
doesn’t move)

. _ 2 2
R - Xy = fo(xq1,%3) = x1° + Xy
2. Linearize about x

Dx |f i 0x;j ] )
* |If you zoom in on X, your system will df; df;
look linear! Q D_f B /axl /axz
Dx |0f a1
_ /6x1 /6x2_

leg] D_f_ X2 X1]

¢ Dx i le 2x2




Linearizing Non-Linear Systems

Basic Steps to linearize a nonlinear system
1. Find some fixed points
« X s.t.f(kx)=0
* (basically points where the system
doesn’t move)
2. Linearize about X

[ ] D_f|_= %
Dx ' 6xj

 If youzoom in on X, your system will

look linear! :
x = f(x)

the dynamics

=@+ L -0+ 2Lt
x—fx Dx|,gx X D2x|x-x—x +D3x|x-x—x + -

Fast Robots 32




Linearizing Non-Linear Systems

Basic Steps to linearize a nonlinear system
1. Find some fixed points
« X s.t.f(kx)=0
* (basically points where the system
doesn’t move)
2. Linearize about X

[ ] D_f|_= %
Dx ' 6xj

 |fyouzoom in on X, your system will

look linear! :
x = f(x)
 Good control will keep you D?f D3f
close to the fixed point, X = fD(;) + Dx |lz(x — %) + oy |- — %)% + PEn (=7 + -

Ax = Dx | cAx = Ax = AAx
33




Linearizing Non-Linear Systems

Basic Steps to linearize a nonlinear system
1. Find some fixed points
« X s.t.f(kx)=0
* (basically points where the system
doesn’t move)
2. Linearize about X

[ ] D_f|_= %
Dx ' 6xj

 |fyouzoom in on X, your system will

look linear! :
x = f(x)
 Good control will keep you D?f D3f
close to the fixed point, X = fD(;) + Dx |lz(x — %) + oy |- — %)% + PEn (=7 + -

Ax = Dx | cAx = Ax = AAx

34




Review

* Linear system: x = Ax * Non-linear systems: x = f(x)
. L _ LAt
S_OIUt'On' x(t) =€ x(0) * Linearization: =2 7
* Eigenvectors: T=1[& & ... & Dx
A 0-
. . Ay
* Eigenvalues: D =
L0 An |
e Linear transform: AT =TD
* Solution: et = TePtT—1
* Mapping from x to z to x: x(t) = TeP'T~1x(0)
 Stability in continuous time: A = a + ib, stable iff a<0
* Discrete time: x(k +1) = Ax(k), A = e4At

A" = R"e™9 stable iff R<1
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https://cei-lab.github.io/FastRobots-2023/Lab5.html

Lab 3-5: Hardware

- [O)))
frg

GND O L] GND GND U L] GND
VMM CESERTT VIN VMM CESERT VIN
BIN1 [ ReStef'l | BOUT1  BIN1 [ Rastet] | BOUT1
BIN2 L8 1 BOUT2  BIN2 [ ¥ ™ BOUT2
AIN2 RS -Q; AOUT2  AIN2 (B ™ AOUT2
AIN1 (SIS AOUT1  AINT ™| AOUT1

nSLEEP | & *s,, %] AISEN nSLEEP 2% % kS

DRV8833 (Pololu) nFauLT X

Which pins will generate your PWM?

xg:gl

Hogus

VDD (2.8V out) [
VIN (2.6-5.5V) _J

GND |_litenia

SDA R N I

SCL @® ’;*— __-u

XSHUT [P~

GPIO1

VIN (2.6-5.5V) Oﬂ%?-*’f "Long
GND ri"E” o~

spDA (R N S

SCL @® "—- __nsn!

XSHUT [P

VLX53L1X (Pololu)



Lab 3-5: Hardware

 Think about the placement of components and batteries
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